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Abstract

A prevailing feature of mobile telephony systems is that the cell where a mobile user is
located may be unknown. Therefore when the system is to establish a call between users it
may need to search, or page, all the cells that it suspects the users are located in, to find the
cells where the users currently reside. The search consumes expensive wireless links and so it is
desirable to develop search techniques that page as few cells as possible.

We consider cellular systems with ¢ cells and m mobile users roaming among the cells. The

location of the users is uncertain as given by probability distribution vectors. Whenever the
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system needs to find specific users, it conducts a search operation lasting some number of rounds
(the delay constraint). In each round the system may check an arbitrary subset of cells to see
which users are located there. In this setting the problem of finding one user with minimum
expected number of cells searched is known to be solved optimally in polynomial time.

In this paper we address the problem of finding several users with the same optimization
goal. This task is motivated by the problem of establishing a conference call between mobile

users. We first show that the problem is NP-hard. Then we prove that a natural and simple

e
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heuristic is a approximation solution.

Key words: Location management, conference call, terminal paging, NP-hardness, approxi-

mation algorithms, convex optimization.

1 Introduction

In the last decade, we have witnessed two trends: increasing availability of people and increasing
availability of information. Mobile telephony systems make it possible to talk with people even if
they are not residing in predetermined locations (as is the case with conventional phone systems).
Internet search engines allow users to accurately and efficiently access information stored on websites
that have fixed location. When information is stored on mobile devices and needs to be retrieved
new challenges occur. An intrinsic feature of current mobile telephony systems is that location of
the devices is uncertain. A challenge here is to design search algorithms that efficiently retrieve
information given limited knowledge about its location.

In this paper we focus on search techniques that are motivated by the problem of establishing a
conference call in a wireless phone system. Our goal is to find a given collection of mobile devices
inside a wireless system so as to minimize the usage of expensive wireless links and control the

amount of time spent on the search.



1.1 Background and motivation

Our problem of establishing wireless conference calls is motivated by the state-of-the-art of wireless
technology. Currently deployed wireless personal communication systems are composed of a set
of base stations connected by a wired backbone network. The range of radio transmission of a
base station determines an area called a cell. Each mobile device that roams inside the system
communicates with other devices (mobile or stationary) through base stations using radio signals.
When a mobile device is within the range of a base station the terminal is said to be located in the
cell determined by the base station.

One of the main components of a wireless system is a location management service [2]. Its goal
is to track the locations of devices that are needed in order to establish calls. In some cases the
system knows the current location of a mobile device and then the system does not need to search
for the device to establish a call. This occurs, for example, when the device is participating in an
ongoing call and therefore is repeatedly communicating with base stations. However in general the
location of a device may be unknown for example because the device has been switched off by the
user in order to preserve battery power. This gives rise to the need of locating mobile devices which
is the aim of a location management service.

The tracking problem exhibits an inherent tradeoff between the load imposed on the system by
devices reporting their location and the load imposed when the system searches for devices (see
for example [5]). To illustrate, let us assume that each terminal reports its location by sending a
message over a wireless link to the base station every time it enters a new cell. This means that
the system has up-to-date information about terminal location and when call is to be established
the system does not need to search for a device. Assume on the other hand that terminals never

report their location. Then when the system is to establish a call with a terminal it must find the



cell where the terminal is currently located. Since the terminal is mobile the system may need to
search all cells in the system, which is done by broadcasting over wireless links, or paging, from
base stations.

Several factors affect the total cost incurred by the system due to reporting and paging. Re-
porting location consumes limited battery power of terminals. In addition the wireless links used
for reporting are expensive and may become congested by the volume of update traffic especially
when terminals are highly mobile and frequently cross the boundaries between cells. Paging also
may consume scarce wireless links specifically when large number of cells needs to be paged to find
the device and the incoming call frequency is large. An effective and efficient location management
system needs to achieve a balance between reporting and paging depending on these factors.

Presently major wireless systems use a simple technique to balance between reporting and
paging traffic. In GSM MAP [11] (used in Europe) and IS-41 [10] (used in North America) standards
the set of all cells is partitioned into subsets called location areas each containing many cells (but
only a fraction of all cells in the system). Any cell broadcasts the identifier of its location area
on a special radio channel. When a mobile terminal finds out that it has moved from a cell to a
cell belonging to a different location area it sends a wireless signal (reports) to the base station of
the later cell. This information is persisted in a database connected to the backbone network, that
stores the most recently visited location area for each terminal. When a call to a mobile terminal
is to be established the system broadcasts (pages) radio signals in parallel from all base stations
in the location area asking the terminal to respond. This technique reduces the number of cells
paged when a call is to be established because only the cells belonging to a location area are paged.
However this comes at the cost that devices must report whenever they cross boundaries between
location areas. The choice of location areas affects the reporting traffic (e.g., [1, 6]).

A technique has been developed [13, 18, 19] to reduce the number of cells paged inside a location



area during the search for a single mobile device at the cost of increased amount of time needed
for paging. The technique considers a model of a location area with ¢ cells where the probability
distribution of the device across the cells is given. (There are several methods for approximating
the distribution; see [17, 18] for examples). Here an arbitrary subset of cells of the location area can
be paged in parallel in unit time to see if the device is located there. Also paging can be performed
for d < ¢ units of time. Paging is carried out according to a d-round strategy, where in each round
i a subset S; C [c] = {1,...,c} of cells is paged until the device is found. It is assumed that the
device does not move during the search. Authors show how to efficiently find a strategy that has
at most d rounds and that minimizes expected number of cells paged. For example if the device is
uniformly distributed across all ¢ cells, ¢ even, and we have at most 2 units of time for paging then
the best paging strategy is to page half of the cells in the first round and when the device is not
found in these cells then page the other half in the second round. This gives %c expected number
of cells paged (a ic improvement over the technique specified by GSM MAP and IS-41 standards).

It is very interesting to investigate how to generalize the technique to find more than one device.
This is motivated by the problem of establishing a wireless conference call. The goal is to find a

given collection of mobile devices inside a wireless system so as to minimize the usage of expensive

wireless links and control the amount of time spent on the search.

1.2 Model and problem statement

Assume a model with ¢ cells and m mobile devices. We assign all the devices to cells by selecting
a cell j for a device ¢ with probability p; ; independently from other devices. We assume that each
probability is positive and that p;1 + ...+ p; = 1, for all i. In this setting we can probe (or page)
an arbitrary group G of cells in a unit of time and detect, for each device located in one of the

cells from G, the cell where the device is located. We also assume that we can afford to perform



probing for d units of time.

The goal is to develop efficient algorithms that can find all the devices within at most d units
of time and that page the least expected number of cells. In general one can consider two types of
algorithms: oblivious and adaptive. Oblivious algorithms page, in each unit of time, a predetermined
subset of cells. Adaptive algorithms decide which cells to page during a unit of time based on the
devices that have been found so far. Each type has its advantages. Adaptive algorithms may
achieve lower expected number of cells paged to find all terminals. Oblivious algorithms have very
low computational cost during the search process. In this work we focus on oblivious algorithms.

Specifically, a strategy is a sequence (S, ..., S;) of nonempty sets that partition [¢] = {1,...,c},
where t is called the length of the strategy. We call each set a group. For a given strategy cells
are paged in rounds such that in round r, 1 < r < ¢, all cells in the group S, are paged. Cells
in Sy41,...,5 are not paged when all mobile devices have been found i.e., if and only if r is the
smallest round number for which all mobile devices are located in cells S; U ... U S,.. For each
strategy we can find the expected number of cells paged until all mobile devices have been found.
We call this number the expected paging of the strategy. We seek a strategy that minimizes this
expectation. We call the problem the Conference Call problem.

Conference Call

Instance: Number of mobile devices m > 1, number of cells ¢ > 1, positive rational probabilities
p;,; of finding mobile device ¢ in cell j such that for all 7, p;; + ... + p;c = 1, and a maximum
number of rounds d, 1 < d < ec.

Objective: Find a strategy that minimizes expected paging for all strategies of length at most d.

For example when d = 1, the problem is trivial since all the cells must be paged in the first and
only round. The problem becomes interesting when d = 2, because we are looking for a subset of

the cells to be paged in the first round to minimize the expected number of cells paged until all



devices have been found (if they are not located in the cells paged in the first round then we need
to page all the remaining cells). When d = ¢, we are looking for a permutation of the cells that
dictates the sequence in which cells are paged that minimizes the expected number of cells paged

until all devices have been found.

1.3 Contributions

The problem of searching for one device (m = 1) is known [13, 18, 19] to be solvable optimally for
any d in polynomial time using a dynamic programming algorithm. In this paper we address the

general problem of searching for m > 1 devices. Our contributions are as follows:

Complexity of the problem. We first show that the Conference Call problem is NP-hard by
a nontrivial reduction from a special type of the Partition problem. We also show that the
special case of the Conference Call problem for constant number of devices m > 2 and constant
number of rounds d > 2 is NP-hard. This appears in Theorem 3.8. Our result establishes a
threshold: the problem is easy when m = 1 or when d = 1, but becomes difficult when m = 2

and d = 2.

Constant factor approximation. We present a very simple and natural heuristic. In this heuris-
tic we sequence the cells in a non-increasing order of expected number of devices located in
each cell and use dynamic programming to find the best partition of this sequence into d
subsequences. We show that the expected number of cells paged by this heuristic is at most
-5 times the minimal number of cells paged by any strategy. This appears in Theorem 4.8.
320
3

We also show a lower bound of 577 on the performance ratio of our heuristic.



1.4 Paper organization

The rest of the paper is structured as follows. In Section 2, we present some preliminaries. In
Section 3, we prove that the problem is NP-hard and that special cases of the problem are also NP-
hard. In Section 4 we show a constant factor approximation for the problem. Finally, in Section 5,

we discuss future work and related work.

2 Preliminaries

We show that the Conference Call problem is a combinatorial optimization problem and restate
some existing results from convex optimization that we use throughout. In the lemma below we

show how to find the expected paging for a strategy.

Lemma 2.1. Let (Si,...,5S;) be a strategy. Then the expected number of cells paged until all mobile

devices are found is

t—1 m
EP=c=> Sl [ pig .
r=1

i=1j€L,

where L, = S1U...US,.

Proof. The search lasts exactly r rounds whenever not all mobile devices are found in rounds
1,...,7—1, but all are found on or before round r. Let F,. be the event that all mobile devices are

found on or before round r. Observe that by independence Pr[F,] =T[2, >>..; pi;. Hence

Pr [paging lasts exactly r rounds] = Pr [F}] — Pr[F,_1] .

Since if paging stops in round r we page |Si| + ... + |Sy| cells, the expected number of cells

paged until all mobile devices are found is

t t
EP =) (ISi|+...+S:]) (Pr[F] = Pr[F,_1]) = cPr[F] = > |S,|Pr[F,_1] ,

r=1 r=1

which completes the proof. U



It can be seen that for any strategy of length ¢ — 1 < ¢ there exists a strategy of length ¢ with
strictly lower expected paging. Thus, among all strategies of length at most d, a strategy that
minimizes expected paging must have length d.

Now we restate some basic notions and properties from the theory of multidimensional convex
optimization [20] and linear algebra [16] that we use throughout. A subset D of space R¥ is convez
if for any two points 2 and y in D the segment zy is contained in D. That is Az + (1 — \)y € D,
for all z,y € D, X € [0,1]. For a convex set D, a function f : D — R is strictly convez if for any z
and y in D and A € (0,1) we have f(zA+ (1 —A)y) < f(z) A+ f(y) (1 —A). A matrix H of size
k by k over R is positive definite if for any x € R¥, 2T Hx > 0, unless = 0. We report a standard
fact that characterizes strict convexity of a function in terms of its Hessian — the matrix of second

derivatives (see [20] for a proof and more discussion).

Theorem 2.2 ([20]). Let D be an open convex set in RF. Suppose that a differentiable function
f : D — R has continuous second partial derivatives in the set D. Let the Hessian H (x) be positive

definite for every point x € D. Then f is strictly conver.

Using the above theorem it is strightforward to show that the maximum of a strictly convex

function are attained at the boundary of the domain as presented in the next lemma.

Lemma 2.3. Let f : D — R be a strictly convex and continuous function defined over an open,
convez and bounded subset D C R¥, and let H be a closed subset of D. Then the mazimum of f

on H is achieved at a point that belongs to the boundary of H.

3 Complexity of the problem

This section is dedicated to showing that the Conference Call problem is NP-hard. We demonstrate

that it contains a subproblem that is NP-hard. This subproblem is the Conference Call problem



restricted to m = 2 and d = 2. Our result establishes a threshold because the Conference Call
problem is in P for m =1 [13, 18, 19] or for d = 1. In our proof we reduce a certain variation of the
Partition problem to the restricted Conference Call problem. Next we generalize the techniques
used in the proof and show that any restriction of the Conference Call problem to constant m > 2

and d > 2 is also NP-hard.

3.1 The problem is hard

We show that the Conference Call problem is NP-hard by a transformation from the following

Partition problem which is NP-complete as presented by Garey and Johnson [12] on page 223.

Partition
Instance: A number g divisible by 2 and positive integer sizes sq,..., sg4.

Objective: Decide if there is a subset P of [g] such that |P| = g/2 and Y ,cp sk = 3 > Sk

The Partition problem can be reduced to the following variation of the Partition problem called
Quasipartitionl. We omit the proof because Quasipartitionl is one of problems from the family
Quasipartition2 defined in the following section, and there we show that any of these problems is

NP-complete.

Quasipartitionl
Instance: A list of non-negative rational sizes si, ..., S., where c is divisible by 3.

Objective: Decide if there is a subset I of [c] such that |I| = 2c and Y, c; sk = 5 > si.

We use the Quasipartitionl problem to show NP-hardness of the Conference Call problem. The

following technical lemma that analyzes extrema of a function is used in the proof.

Lemma 3.1. For any ¢ > 1 the function f :[0,1] x [0,c] defined as

flzy) =(c—y) ((1—%>y+x> (y — )
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achieves the global mazimum at a single point of the domain x = 1/2 and y = %c.

Proof. Let us extend the domain of f to the set D = {(z,y) : 0 <z <y+1and 0 <y <c}. The
function f is continuous over closed and bounded domain D so it achieves maxima either in the
interior or at the boundary of D.

Let us focus on the interior first. Observe that % = 0 if and only if z = %, SO an extremum
in the interior can be achieved only when this condition holds. The first derivative of the function
f (i—g,y) is zero only when y = %c, or y = 0. Thus if there is extremum in the interior it is for
x=1/2,and y = %c, where the function achieves the value f(%, %c) = 5-C° — %CQ + 15¢.

Now let us consider the values of the function at the boundary. If y = ¢ or y = 0 then
f(xz,y) <0 for z > 0. If x = 0 then %(;],y) is zero only when y = 0 or y = 3c. Since f(0,0) =0,
f(0, %c) = 2%03 - %CZ, and f(0,¢) = 0, for the part of boundary where 2 = 0 the function achieves
values strictly smaller than f(%, %c) Finally if £ = y + 1, %;gl’y) =4 - % > 0, and so the
maximum is achieved when y = 0 or when y = ¢, in which cases the function has non-positive
values —c and 0 respectively.

Thus the function f defined for a smaller domain 0 < 2 < 1, 0 < y < ¢ achieves the global

maximum at a single point z = 1/2, and y = %c. O
Lemma 3.2. The Conference Call problem restricted to m = 2 and d = 2 is NP-hard.

Proof. We show how to transform the Quasipartitionl problem to the restricted Conference Call
problem.

Let s1,...,s. be any list of non-negative rational sizes such that c¢ is divisible by 3, and let
S =581+ ...+ 8. If there exists 7 such that s; = S, then there is no partition. For the remainder
of the proof assume that s; < S, for all i. We define an instance of the Conference Call problem

restricted to d = 2 and m = 2. Since there are only two mobile devices in this instance for clarity we
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denote the probabilities that mobile devices are located in cell 7+ by p; and ¢; respectively. Let the

probabilities p; and ¢; be defined as p; = 0_11/2 (1 -3 4 %), g = ch1 (1 — %), for 1 <i <c. Note
that the probabilities are positive, that Y p; = 1 and ) ¢; = 1, and that the size of the instance
of the Conference Call problem is polynomial in the size of the instance of the Quasipartitionl
problem. We show that the Quasipartitionl problem for the sequence si,...,s. has an answer if
and only if we can answer whether the minimal expected paging for the probabilities achieve a
certain value defined below.

Before we proceed with the proof, we note a lower bound on the value of expected paging for

the instance m =2, d =2, p1,...,Pe, q1,---,qc. Take any strategy and let I C [¢], |I| =y, be the

set of cells paged in the first round. By Lemma 2.1 the expected paging for this strategy is

EP=c—(c— ) [> pi | | D a

jer jer

c—y 3 Sj Sj
T =121 (“%)wgﬁj V-2

Jjel

Let us denote Zjel % by x, and observe that 0 < z < 1. Consequently by Lemma 3.1 the

expected number of cells paged until all mobile devices are found is bounded from below by

1 1 2
EP > LB =c— . -z
et ome-n Y (2’ 3")
Suppose that P is a partition of cardinality %c of the sequence si,...,5.. Then ZjeP %] =1/2,

and so a strategy that pages cells P in the first round, and cells [¢] \ P in the second round has
expected paging equal to LB. Moreover, by Lemma 3.1, this is the smallest value possible, so the
answer to the instance of the Conference Call is a strategy with expected paging equal to LB.
Suppose that the answer to the instance of the Conference Call problem is a strategy with
expected paging equal to LB. Let P be the set of cells paged in the first round. Observe that the

cardinality of P must be %c because otherwise by Lemma 3.1 the expected paging of the strategy

12



would be strictly grater than LB. For the same reasons ) p * must be 1/2. Thus P is a partition

of cardinality %c of the sequence sq,..., sc. O

Corollary 3.3. The Conference Call problem is NP-hard.

3.2 Restrictions are also hard

It is interesting to consider restrictions of the Conference Call problem to constant d and m because
in specific applications one may wish to have an algorithm that constructs paging strategies for
some fixed number of mobile devices and some fixed maximum delay but for any location area (so
that ¢ and the probabilities are the input to the algorithm). It turns out that such restrictions are
also NP-hard and we show it in this section by generalizing techniques from the previous section.

Let us begin with a technical lemma that generalizes Lemma 3.1. The lemma below will be used

to show that the expected paging is minimized when the sets paged in each round have specific

cardinalities.
Lemma 3.4. Let2 < d <c, andi1,...,iq satisfy constraints i; > 0, 41+...+iqg = ¢, and x1,...,%4
satisfy constraints x; > 0, 21+ ... +xzg=1. Let m > 2, and a1 = mL_H, o = TTH‘+OAIT,1’ for
2<k<d-1,bg=c, b1 =ap_1bg, for 2 <k <d, by =0. Then the function
f(ila"'aidaxla"'7$d)
—c— - ; _ = _ Laik=1"F
- L (1 ) LD +Zxk kzk Zxk ( C )

is strictly greater than
d—1

(2¢—1)
0_4 Cm+lz T+1_b

with equality only when i; = bj —bj_1, for 1 < j < d, and z; = %, for1 <3< d-1 and

d—1

Proof. Let b, =3} ik. Then by the theorem of arithmetic and geometric means we have
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N 2
((1 - %) 22:1 i+ 22:1 xk) (22:1 U — 22:1 xk) < ((Zf)br> ’

and so

[ o= iy S (e —b) (1— )7 2 = ¢ — 55 S (b — b b7
with equality only when Y, _, z; = %, foralll <r<d-—1.
Our goal now is to find an upper bound on the sum Zf;% (by4+1 — by) b under constraints 0 <
b1 < ... < by = c. Sine the domain for by,...,by is bounded and closed, and Zf;% (byy1 — by) O
is a continuous function of b;’s, it achieves the maximal value at a point of the domain. We first
show that the maximum must be achieved in the interior of the domain.
Let us take a point p from the boundary and use two actions to find a point in the interior with

strictly larger sum. (Action 1) Let k be the largest index for which b = 0 (so that £ < d). We

bi 41
—5

can make the sum strictly larger by taking by = After applying this action at most d times
we have that b; > 0 for all i. (Action 2) Let k be the smallest index for which by = bgq. Iif k=1
then aibl = —bP +mb ! (by — by) < 0 and so we can make the sum larger by slightly reducing
bi. If 1 < k < d then % =07, -0+ mbzl*1 (bg+1 — br) < 0, because by_1 < by. Again we can
increase the sum by slightly reducing b;. After applying this action at most d times we obtain a
point from the interior that has the value of the sum strictly greater than the value of the sum for

the boundary point p.

To complete the proof it is enough to show that there is exactly one point in the interior for

S

which all partials vanish. Let us investigate when 3%1 =...= = 0. If K =1 then 3%1 =

Q

by,
bg”_l (m (ba — b1) — by) vanishes if and only if by = a1be, for a1 = mlﬂ Using this equation for 2 <
k < d—1 wehave that g7 = —b"+mb[" ™" (byy1 — bp)+b7 = =07 +mb* ™" (by1 — bg) +af b =

b (m (bgy1 — br) + o by — bg) vanishes if and only if by = agby1, for ap = . This
1

_m
m+1l—a®

establishes a recursive formula for b;’s, and recall that by assumption by = ¢. Observe that a;’s

14



are monotonically increasing, mlﬂ =a; <ay <...<ag1 <1, and consequently b;’s are also
increasing 0 < b; < ... <bg_1 < bg=c. Thus by,...,bs define a unique point in the interior of the

domain where all partials vanish. This completes the proof. O

In the remainder of the section we assume that m > 2 and d > 2 are constants. Let i; = r; - c.
Observe that then the numbers rq,...,r4y and x4, ..., x4 defined in the statement of the Lemma 3.4
are some rational numbers that depend only on d and m. Let M be the least common multiple of
the denominators of all r;’s. For any c that is a multiple of M the corresponding numbers iq,...,iq
are natural numbers. We define a Multipartition problem parameterized with M, the fractions

,...,7q, and x1,...,x4.

Multipartition
Instance: A number ¢ = M - k, for some natural k, and non-negative rational sizes s1, ..., Sc.

Objective: Find a partition Py, ..., Py of [c] such that |Pj| =r; - ¢ and Zker Sk =1Tj ) Sk

Using essentially the same argument as in Lemma 3.2 together with Lemma 3.4 (instead of
Lemma 3.1) we can reduce the Multipartition problem to the Conference Call problem restricted

to the m and d.

Lemma 3.5. The Conference Call problem restricted to the m > 2 and d > 2 is harder than the

Multipartition problem.

Our goal now is to show that the Multipartition problem is harder than an NP-complete prob-
lem. We show this using two reductions.

We first define a variation of the Partition problem and then show that it can be reduced to
the Multipartition problem. Let 7 be a permutation on [d] which sorts the sequence of z;’s in a

non-increasing order T 1y > ... > Tr(g). Let u be the index of the smaller of 74 1) and ry (4 or

15



m(d) if they are equal, and let v be the other index.

Quasipartition2
Instance: A number n = M (r, + 1) - h, for some natural h, and non-negative rational sizes
S1y-++,8n-

Objective: Decide if there a subset P of [n] such that |P| =M -r,-hand 37 psp = 75— sk

Lemma 3.6. The Multipartition problem is harder than the Quasipartition2 problem.

Proof. Without loss of generality let us assume that 7 is the identity permutation (because we can

always sort the sequences z;, rj, and ¢; at the beginning of the proof).

Let §1,...,8, be an instance of the Quasipartition2 problem. We define an instance of the
Multipartition problem for ¢ = ruf‘rrv in a few steps. First we let s; = ESJSIC (241 + zq4), for
1 <j<ig.1+ 14 Let s be the maximum number which is smaller or equal to any of si,...,s,

and also smaller or equal to any difference x; — x4 for j for which this difference is non-zero.

Next for each z;, 1 < j < d — 2, we define ¢; additional sizes such that the first "big” is equal to

i1 C . .
Tj— %, and the remaining 7; — 1 ”small” sizes are equal to 5. Observe that this instance can

be constructed in time polynomial to the size of the input sequence.

If the instance of the Quasipartition2 problem has a positive answer then z, = % (Ty + )
for some subset of [n] of cardinality Mryh. Thus > p sk = @y and 3 e p Sk = Tu, and since
Y s =x1+ ...+ 24 =1 a multipartition can be found.

Suppose that a multipartition has been found for the instance si,...,s.. Observe that for any
1 < j < d — 2 the first size constructed for z; is so large that it can only fit into a partition P
of size x;. The remaining space in the partition is so small that it can only accommodate exactly

s

i; — 1 ”small” sizes 5-. Consequently the cardinality of P, must be i;. After possibly swapping

partitions P; with P, we can assume that |P;| = i;. We can carry out this process for j =1, j = 2,

16



and so on until 5 = d — 2. Consequently exactly two partitions one of size x4 and the other of
size x4_; contain respectively iy_1 and i, sizes and these must be all the n sizes sq,...,s,. As

a result there exists a subset P of [n] of cardinality max{i4,iq_1} such that >, _p sy = =, and

> kein] Sk

gz, Ve see that the instance $q,...,§, of the Quasipartitio2

after multiplying both sides by

problem has a positive answer.

O

To complete the sequence of reductions and show NP-hardness of the restriction of the Confer-
ence Call problem it is enough to show that the Quasipartition2 problem is NP-complete. We will
show a reduction from the Partition problem defined earlier (which asks if here is a subset of half

of the sizes that sums up to half of the total sum of the sizes).
Lemma 3.7. The Quasipartition2 problem is NP-complete.

Proof. Let us first assume that z, > z, and let S = 51,...,84 be an instance of the Partition

problem. We define an instance of the Quasipartition2 problem with n = M (r, + r,) - h sizes,

for h = 2[2]\?”]. This n is large enough so that M -r,-h—1> M -r,-h—1 > 4. Let
@ = Mryh—1—-9g/2 >0, and v = Mr,h—1—g/2 >0, and U = {g+ 1,...,9 + 4}, and
V={g+u+1,...,g+u+0v}. Let p=[logy(1+...+35+1)]. We define a list S = s1,...,s, as:
sp =8+ 2P, for 1 <k <g,and sp =0, for kK € UUW. Then we rescale these sizes so that they

1
fl}'y—gflfu
Ty+Tv

and s, = 2-—2»_ sum to 1 (that is, we take S = Sy Sk

and two additional sizes s,_1 = i
w v

and then let s, become % (1 —s,_1 — sp), for 1 <k < g).
We show that the instance of the Partition problem has a positive answer if and only if the
instance of the Quasipartition2 problem has an answer. The forward implication is a simple con-

sequence of the above definitions. Let us investigate the opposite implication.

Suppose that there exists a subset P of cardinality M - r, - h such that ), psp = =

Ty+Ty "
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Observe that s,_; is strictly larger than the size of the partition [n] \ P and so s,_; must belong
to P. Moreover the remaining space in the partition P is too small to accommodate s, and so s,

must be a member of the partition [n]\ P. But then the remaining space in each partition is equal

to exactly % . xvﬁfxu, and so there exists a subset of M - r, - h — 1 sizes other than the s,_; and
the s, that sum up to half of the total sum of these other sizes. Since the sizes si,...,s, have a

summand with factor 2P, there must exist a subset I of [g] of cardinality g/2 that sums up to half
of >>7_, 8k, and so the instance of the Partition problem has a positive answer.
If z, > xz, then the proof is obtained mutatis mutandis. If z,, = x, then the remaining space

in each partition is 1/6. Thus the result follows. O

Observe that when M = 3, r, = 1/3, r, = 2/3, z, = z, = 1/2 the Quasipartition2 problem
becomes the Quasipartitionl problem, and so the latter is NP-complete by the above lemma.

The sequence of reductions shown above leads to the following theorem.

Theorem 3.8. The restriction of the Conference Call problem to fired m > 2 and d > 2 is NP-hard.

4 Constant factor approximation

For clarity of presentation, before we show a general approximation result, we discuss a special case

of the Conference Call problem with two mobile devices and maximum delay of two.

4.1 Approximation of the special case m =2 and d = 2

From Lemma 3.2 we know that this special case is NP-hard. Here we show that there is a %

approximation solution that can be found in O(c¢) time and O(1) space. First we show two simple

propositions.
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Proposition 4.1. Let 1 <z < 2, and variables a; and b; satisfy constraints a;,b; >0, a; +b; <1,

a; +az > x — (by + b2), then

(a1+b1)(a2+62)2$—1 .

Proof. Notice that by decreasing some a; the value of the product (a; + b1) (a2 + b2) can only
be reduced. Thus it is enough to bound the product from below with the additional constraint
a1 +ag = . — (b1 + b2). But then (a; + b1) (a2 + b2) = (z — (a2 + b2)) (a2 + b2), and we can rewrite
this expression as (z —v)v for v = ay + by. By the assumption that as + bs < 1 we have that
v < 1, and by the assumptions that a; + a2 = = — (by + b2) and that a1 + by < 1 we have that
v =uay+by =1z —(a;+b) > x— 1. Note that for the domain z — 1 < v < 1, the expression
(x —v) v treated as a function of v is minimized at the boundary of the domain when v = z — 1,

or when v = 1. This yields a lower bound of z — 1. O

Proposition 4.2. Let0<s<cand 1 <x <2, thenc—s(xz—1) < % (c— S (%)2> .

Proof. Since 88—;2 (c —s(z—1)— % (c — s (%)2)) = %s > 0, the function is a strictly convex func-

tion of x, and so it is bounded from above by the greater of the values achieved for x = 1 or for x = 2.

For x = 2 its value is c—s—%(c—s) < 0, and for z =1 its value is c—%(c— is) gc—%-%c:o.
Thus the function is bounded from above by 0, and the result follows. O

Suppose that (S7, S2) is a strategy that minimizes expected paging among all strategies of length
2. We do not know how to find this strategy, but despite this let us assume that we know |S1| = s1.
Let us pick s; cells T3 which maximize the expected number of devices located in the cells i.e., for
any cell j in 77 and any cell j' not in T} we have p; j+p2j > p1 j +p2,;. Then the following lemma

shows that the strategy (T,75) has desired approximation, where Ty = [¢] \ T}.

Lemma 4.3. EP;/EPs < 4/3 .
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Proof. Recall that by the selection of the strategy (11, T») the set T} contains cells j that maximize
the sum p ; 4+ po ;. We divide the cells in S; UT; into three sets B = S NTy, A =T, \ B, and
C = 51\ B. For each mobile device i we define a; to be the probability that the device is in the
cells A ie., a; = EjeApi,j- Similarly we define b; = ZjeB pij and ¢; = EjeCpi,j'

By the theorem of the arithmetic and geometric means [14] we have [[-_, > jesi Pij < (%)2 ,
where z = (b1 +¢1) + (b2 + ¢2), 0 < z < 2. Recall that for each device i we have p; 1 +...+p;c =1,
consequently a; + b; < 1. By the choice of T} we have that a1 + as > ¢1 + ¢o = 2 — (b1 + b2).

We divide the analysis of the approximation ratio into two cases. If z < 1 then we bound the
probability that all devices are found by the strategy (T7,7T%) in the first round by 0. (Recall that

s1 is the number of cells paged in the first round). Thus

EPg — 2 = TS L3
s~ c—(c—s51)[Tiz1 Xjes, iy c—(c—s1)3 ~ c—cg

EPr < c c c 4

For the second case assume that 1 < z < 2. By Proposition 4.1 we can bound the ratio as

EPr < c—(c—s1)(xz—1)

BPs = e=(e=s) (3)°

It remains to show that the enumerator is bounded from above by % times the denominator. But

this follows from Proposition 4.2, which completes the proof. O

Note that we do not need to know the size of S; because we can afford to evaluate expected
paging of a strategy (77,T%) constructed for s; = 1, then evaluate it for s; = 2, and so on until
s1 = c¢— 1, and pick the strategy that minimizes expected paging. Thus we can find a strategy that

4

is a 3 approximation without the knowledge of the size of the set of cells paged in the first round

by a two-round strategy that minimizes expected paging.
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4.2 General case

This section is devoted to generalizing the ideas given in the previous section. For this purpose we
employ techniques from multidimensional convex optimization and dynamic programming. Specif-
ically we show an _“;—approximation algorithm for the Conference Call problem. Our algorithm
uses a very simple heuristic. Intuitively a good paging strategy first pages cells that have large
chances of finding all mobile devices in the cells. To realize this intuition we sequence cells in a
non-increasing order of the sum of probabilities of finding mobile devices in the cells. In particular
the first cell in the sequence is a cell j that maximizes p1; + ... + py,; and the last cell in the
sequence is a cell j that minimizes p; j + ...+ pp, ;. Then we find a certain strategy that pages, in
each round, consecutive cells from the sequence and show that this strategy is a desired approxi-
mation. The proof of the correctness of the approximation algorithm has two steps. We consider
a family of all strategies of length d that page cells according to the sequence. First we show that
there exists a strategy T in this family that has the value of expected paging by at most _%; factor
greater than the minimal value of expected paging for any strategy (not necessarily from the fam-
ily). However the strategy T needs to probe, in each round, the same number of cells as a strategy
S that minimizes expected paging. Since we do not know the sizes of groups for the strategy S we
cannot efficiently find T! In the second step we show that with the help of dynamic programming we
can efficiently find a strategy G in the family that minimizes expected paging across all strategies
in the family. Thus the strategy G has expected paging at most equal to expected paging of the
strategy T, which completes the proof. In the following two sections we present the details of this
argument.

In the remainder of the section we assume that all cells are ordered so that forall1 < j < j' <¢

PLj+ ..o+ DPmj = Prj+ ... +Pmy . We consider a family F of strategies such that a strategy
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(S1,...,8q) from the family has the property that any group Sj, j > 2, contains cells greater than
all preceding groups in the strategy i.e., for all 1 <i < j <d, for all 7/ € S; and j' € S;, we have

i <.

4.2.1 Existence of approximate solution

In this section we demonstrate that the family F contains a strategy T that has the expected
number of cells paged until all mobile devices are found larger by at most the factor of -2 than
the expected paging of a strategy of length d that minimizes the expectation. The key idea behind
the proof is to observe that if an optimal strategy yields small chances of finding all mobile devices
until a round then the strategy T is trivially good enough, while when these chances are high then
the strategy T must also have high chance of finding all mobile devices.

For the analysis of performance of our heuristic we need two technical inequalities, which we
show next. These inequalities generalize Proposition 4.1 and Proposition 4.2 given in the pre-
vious section. We prove the more general facts using techniques from multidimensional convex

optimization.

Lemma 4.4. Let m > 2, m — 1 < x < m, and variables a; and b; satisfy constraints a;,b; > 0,
ai+b; <1, " a; >x— Y " b then

m

H(ai+b,~) >x—m+1.

i=1
Proof. Notice that the value of the product [, (a; 4+ b;) can only be reduced by decreasing some
a;. Thus it is enough to bound the product from below with additional constraint Z:’;l a; =
T — iy bi.

The proof is by induction on m. The base case for m = 2 was shown in Proposition 4.1.

For the inductive step take Z?:{l (aj +b;) = z, for m < x < m + 1. Observe that m — 1 <
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T — (am+1 + bms1) < m. Thus we can use the inductive hypothesis to bound the product by

m+1

IT (@i +8) > (z = (ams1 + bmr1) = m+1) (@mr1 + bmyr) -

i=1
Since £ —m < am41 + bmt1 < 1 the result follows. O
Lemma 4.5. Let z1,...,x; be variables satisfying m—1 < x; < m, for some m > 2. Let so,...,5q,

k <d—1, be positive and satisfy s+ ...+ sq < ¢, for some ¢ <0 then

i e i Tr\™  Sgiyo+ + Sq
2
C—;Sr+1($r—m+1)ée_l(C—Zsr_i_l(é) _%>

r=1

Proof. We consider a function

k k
e Tr\™  Sgy2+ ...+ 8¢
f(wl,...,wk):C—Zsr+1($r_m+1)+e 1<_C+ZST+1<ET> +—>

r=1 r=1 €
defined over domain H = [m — 1,m]* (i.e., k-dimensional cube), and show that its maximum is at
most 0, which will complete the proof.

For this purpose let us extend the domain of f to D = (m —1 — e, m 4 €)*, for some 0 < € < 1.
Observe that D is an open and convex subset of R¥, and that f has continuous second partial
derivatives in D. Also for every point z € D, the Hessian matrix H(x) of f is diagonal, and that
the entries on the diagonal are strictly positive gix}; = %fﬁ;l)x?” > 0. Thus H(z) is positive
definite, and so by Theorem 2.2 f is strictly convex. Since H is a closed subset of D, Lemma 2.3
ensures that the values of f on H are bounded from above by the values achieved at the boundary
of H.

After these preliminary observations let us prove the statement of the lemma by induction on

k. For the base case assume that £ = 1. There are two boundary cases. When x; = m then

f(:z:l):c—52+L <—c+32+8

1 3+...+sd>252+...+5d—c<0‘
c_

e e—1 -
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When z; = m — 1 then

1\ e
f(xl):c+ <—C+32 (m—> +83+ +Sd> < So + + s4 C<0.
e

e
e—1 m e—1 -
Thus f is bounded from above by 0.

For the inductive step we consider the values of f at the boundary of H. Due to symmetricity

of the function and constraint conditions we can focus on two cases x; = m and z = m —1. When

zp = m then

k—1 k—1
_ e Tp\™M e—1 Sk+2 + ...+ 84
f—C—;:lSrH(ﬁUr—m‘i‘l)‘f‘e_—l<—C+r§:18r+1(5> +Sk+1(1— - >+ - )

Al e " Tp\™  Sgpa1 + + 84
:C_lerJrl(xr_m"i_l)—i_;<_C+ZIST+I(ET> +%> )
r= r=

and we can use the inductive hypothesis to bound f from above. For the second case consider

zrp =m — 1. Then

" e " Tr\™ Syl + + 84
1+ ...
fgc—g sr+1(:1:r—m+1)+—6_1<—c+§ sr+1<—ﬂ;> SEiL s SRR - ) ,
r=1 r=1

and we can use the inductive hypothesis again to bound f from above. U

Suppose that we have guessed the sizes of groups paged in each round by a strategy that
minimizes expected number of cells paged until all mobile devices are found, and let s1,...,sq be
these sizes (i.e., the strategy pages s, cells in round r, s1 + ...+ sg = ¢). In the next lemma we

demonstrate that when we use our heuristic with the same sizes of groups paged in corresponding

e
e—1"

rounds then the expected paging may be greater by at most factor
Lemma 4.6. Let s1,...,84 be positive integers such that s;+ ...+ sq = c. Let (S1,...,Sq) be any
strategy for which |Sy| = s, and let (T4,...,Tq) be the strategy in F that has groups of the same

cardinality |T,| = sy. Then the ratio of expected number of cells paged until all mobile devices are

found is

EPT e
— < .
EPs —e—1
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Proof. When m = 1 then the ratio 5—1;75" < 1, which was studied by other researchers [13, 18, 19].
Our proof focuses on case when m > 2.

Recall that by the construction the set Z,. = Ty U... U T, contains cells j that maximize the
sum pij + ...+ pmj. Let us define U, = S1U...US,. For any r we divide the cells in U, U Z, into
three sets B, = Z, NU,, A, = Z, \ B, and C, = U, \ B,. For each mobile device i we define a;,
to be the probability that the device ¢ is in the cells A4, i.e., a;, = jea, Piyj- Similarly we define
biy = jep, Piy and Cip =D e Piy-

By the theorem of the arithmetic and geometric means [14] we have [[}%, 3.y pij < (Z=)™ |
where z, = Y"1 (biy + ¢iyp), 0 < 2, < m. Recall that for each mobile device ¢ we have p; 1 +...+
pic = 1, consequently a;, + b, < 1. By the choice of Z, we have that > .."  a;, > > "  ¢iy =
Ty — Dy bip-

If #, <m — 1 then we can bound the product |T;11| [[{2; >7,c 7 pi,j from below by 0, and the
product [Sy 1|72y >y, pi,y from above by [S;11] (=)™ < [S,qq] et

If m —1 <z, <m then by Lemma 4.4 we can bound the product |T,,|[]", Zjezr pi,; from

below by |T;+1| (z, —m + 1), and the product |Sy41] 72, D= cp, pi,j from above by [S;41] (%)m

Recall that by Lemma 2.1

EPr = 75| H;il Z]’ezl bij—...— | T4l H?L ZjeZd_l bi,j
EPs  c—|S%|I[% Xjern pij — - = 1Sal 121 2jev,, i
Without loss of generality let us assume that among x1, ..., z4_1 only the first k£ of them satisfy

m — 1 < z, < m, and the remaining satisfy 0 < z, < m — 1. Thus we can bound the ratio from

above by
EPr c—sy(xy—m+1)—... —spp1(zp —m+1)
< 1\ T\ .
EPg C—SQ(RI) _"'_3k+1(ﬁk) — (Sgyo2+ ... +8q) e !

It remains to show that the enumerator is bounded from above by % times the denominator.

If £ = 0 then the bound is trivial, so assume that k£ > 1. But then by Lemma 4.5 the enumerator is
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never greater than —5 times the denominator. Thus the expected paging of the strategy (T1,...,Ty)

o1
is at most -4 times the expected paging of the strategy (S1,...,Saq). O

This lemma immediately tells us that for any fixed number of rounds d we can find an ap-
proximate paging strategy in polynomial time because there are O(c?!) strategies that satisfy
s1 4 ...+ sq = ¢ (because any selection of values for some d — 1 variables determines the value of
the remaining one variable). However this method is not satisfactory when d and ¢ grow, and so

we seek a more scalable solution. We achieve this by using dynamic programming.

4.2.2 Finding approximate solution using dynamic programming

Now our goal is to find a strategy in F that minimizes expected paging among all strategies in F.
For this purpose we develop a dynamic programming algorithm that generalizes an approach given
by [13].

Take any 1 < ¢ < k < ¢ and consider a class of strategies of length ¢ that may page the last
Ek cells and only these cells during the £ rounds. Let (S1,...,Sy) be a strategy from this class (so
that S1U...USy={c—k+1,...,¢—1,c}). Let P be a random variable equal to the number of
cells paged by this strategy given that at least one mobile device is located among the last & cells
(then P is at least 1). In the class we can find a strategy that minimizes the expected value of P
and denote this value by E(4, k).

Observe that the value of E(d,c) is exactly the minimal expected paging across all strategies
in F. We need to show that we can efficiently find a strategy that achieves E(d,c), and as the first

step we prove a recursive formula for finding the value of E(4, k).

Lemma 4.7. The value of E(¢,k), 1 < ¢ <k <c, is equal to:

E(lak):ka
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when 1 < k <c¢, and

E(tk) =
=TT, S iy
min o+ Aoz Pap g gL
1<e<k—(+1 1-— HZI Z;:l Pij

when 2 </ <k <e.

Proof. We need to show that in each of the two equations above the expression on the right side
of the equal sign is equal to the expression on the left side of the sign. The first equation is trivial
because any strategy of length 1 that pages exactly k cells during 1 round given that there is at
least one mobile device among these k cells has expected number of cell paged equal to k.

In order to show the second equation we prove two inequalities. First we show that the expres-
sion on the right side of the equal sign is never greater than E({, k). Let (S1,...,S;) be a strategy
that may page the last k cells and only these cells during £ rounds and that minimizes the expected
value of the number of cells P paged during the £ rounds given that at least one mobile device is
located in one of the last k cells. Observe that 1 < |Si| <k — ¢+ 1 because none of the groups can
be empty. Let A be the event that at least one mobile device is located among the last k cells, and
let B be the event that at least one mobile device is located among the last k£ — | S| cells. Observe

that the expected value of P is equal to
E(l,k) =Exp[P]=|Si|+Pr[B|A]-E(l—1,k—|S1]) .

But
m c—k+|S1

\ m c—k
PriBlAl=[1-]] pig | /{1 =T]D pii |
i=1 j=1

i=1  j=1

and so the expression on the right side of the second equation is at most E(/, k).
To show that the expression on the right side of the second equation is never smaller than

E(¢,k) observe that for any =, 1 < x < k — £ + 1, the value of the expression is equal to the
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15 for k=1toc
01 approximation( in: ¢, m,d, p; j,
16  E[lk| =k
02 1<i<c¢1<)<m;
17 XLkl =k
03 out: g, 1<r<d)
18 for £ =2tod
04 array
19 fork=/{toc
05 XI[1,...,d;1,...,¢], F[1,...,c]
20 E[l,k] = o0
06 EI[l,...,d;1,...,¢], S[1,...,m]
21 forr=1tok—¢+1
07 fori =1 tom 22 U:gg+%-l§[€—l,k—x]
08 S[i]=0 23 if v < E[4, k] then
09 for j =1toc 24 E[l, k] =v
10 fori=1tom 25 X[kl ==z
11 Sli] = S[i] + pij 26 w =c
12 F[j]=1 27 for £ = d downto 1
14 Flj] = F[j] - Si] 29 w=w-X[{,w]

e

Figure 1: Algorithm for finding the sizes gi,...,g4 of groups for a strategy that achieves _=

approximatation factor.

expected number of cells paged by a strategy of length ¢ that may page the last k cells and only
these cells,  of which in the first round, given that at least one mobile device is among the last
k cells. Hence the value of the expression can never be smaller than the value E(¢, k) that is the

minimum of the expectation. This completes the proof of the lemma. O

During the calculation of E(d,c) we can find the sizes of groups for a strategy (Gy,...,Gg)

that has expected paging equal to E(d,c) (see Figure 1 for a pseudocode of an algorithm. Lines 07
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through 14 calculate the probabilities that all devices are found by round r, for r = 1,...,c. Lines
15 through 25 evaluate the recursive formula given in Lemma 4.7. Lines 26 through 29 find the
sizes of groups for the approximation strategy that were calculated during the evaluation of the

recursive formula). This leads to the main theorem of the paper.

Theorem 4.8. For any instance of the Conference Call problem the strategy (Gi,...,Gg) has
expected paging

EPg < ——EPuiv
e—1
and it can be found in O (c(m + dc)) time and O(m + dc) space.

Proof. Take any instance of the Conference Call problem. By Lemma 4.6 the family F contains a
strategy (T1,...,Tq) that has expected paging at most % times the minimal expected paging of
any strategy of length d. By Lemma 4.7 the dynamic programming finds a strategy (Gi,...,Gq)
that minimizes expected paging across all strategies in the family. Thus the expected paging of the
strategy (G1,...,Gq) is at most -4 times the expected paging of any strategy of length at most

d. O

We remark that the dynamic programming approach developed in this section allows us to
find a strategy that minimizes expected paging across a family of strategies that page cells in any

predefined sequence.

4.3 Lower bound on performance

Finally we give a lower bound on the performance ratio of our heuristic. Consider an instance of
the Conference Call problem with m = 2, ¢ =8, and d = 2. Let p;; = %, P21 = P17 =pig =0,

and the remaining probabilities are set to i

=. By simple case analysis we can show that the best

strategy pages cells 2 through 6 in the first round and achieves %7 expected paging, while the
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heuristic chooses to page cells 1 through 5 in the first round and achieves % expected paging.

This establishes a lower bound of % on the performance ratio of our heuristic.

5 Future work and discussion

In this section we list some open problems and report some of our results on our work in progress
and then mention some related work.

Our approximation solution has a small =~ 1.58 approximation factor and cannot be better
than %. Is there a better approximation algorithm or even an approximation scheme? So far we
know an approximation scheme for a subclass of the problem [7]. Here we assume that the set of
probabilities {pi,j :1<i<m,1<j<c} can be covered by a constant number of real intervals of
constant length. This allows us to search the space of solutions exhaustively in polynomial time.

In this paper we consider only oblivious strategies i.e., where the set of cells to be probed in each
round is fixed in advance. It is interesting to also consider adaptive strategies which determine,
in each round, the set of cells to page depending on the devices found in earlier rounds. Our
NP-hardness result applies to adaptive strategies as well since for d = 2 any adaptive strategy is
oblivious. One can easily extend the heuristic presented in Section 4 to form an adaptive strategy
where, in each round, we calculate conditional probabilities and based on their values we determine
the group of cells to page in the next round using the algorithm presented in Figure 1. The analysis
of the performance ratio of the resulting algorithm stands as an open problem.

There are other interesting types of searches to consider. A dual problem to the Conference
Call problem is the Yellow Pages problem in which we are searching for one out of m possible
devices. We showed [7] an m-approximation algorithm based on a heuristic that is different from

the one considered in this paper. We also know that the heuristic considered in this paper does not
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offer constant factor approximation. A problem that generalizes the two problems is the Signature
problem where we are looking for any k devices out of the m devices. The conference call problem
is the case where £k = m and the yellow pages problem is the case where £k = 1. Solutions to the
signature problem can be applied to the task of finding £ managers out of m managers to sign a
document.

Another interesting direction is to extend the model. For example due to bandwidth limitations
in real systems it may be reasonable to assume that at most a fixed number of b cells can be paged
at any unit of time. Here we observe that our approximation result generalizes to yield results
in this model: we can use Lemma 4.6 to show the existence of an approximate strategy, and in
Lemma 4.7 we can limit the range for x accordingly and consider only E (¢,k) when k& < b to
find an appropriate strategy. Another possible extension of the model is to assume that when
there is a device at a cell and we page the cell we do not always find out if the device is there
(similar assumptions have been considered [21]), and that the chances of finding out decrease with
the increase of the number of devices in the cell. This models collision of response signals to the

paging signal emitted from the base station.

5.1 Related work

Burkard et al. [8] review a combinatorial optimization problem related to the Conference Call
problem. The problem is called the Quadratic Assignment Problem [15] and it is formulated as
follows. Given two symmetric matrices A = (a; ;) and B = (b; j) of size ¢ by ¢ with non-negative
entries find a permutation m that maximizes ), ; a; ;b (i)x(j)- It can be shown [7] that one can
use a solution to the Quadratic Assignment Problem to solve the Conference Call problem for two
mobile devices. If d is constant then the reduction is polynomial time.

There are several results from Search Theory [21] that can be used in location management.
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Search Theory deals with finding a single object located among a set of cells as given by a probability
distribution. Searching consists of a sequence of lookups of the cells. There is a cost associated with
looking up a cell. It is assumed that with some probability a lookup may not find an object in a
cell even though the object is located there. The goal is to decide which cells and when to look up
to maximize chances of finding the object under constraints on the total cost of search. Awduche
et al. [3] consider a model where fixed groups of cells are paged and a probability is given that
paging a cell does not detect a device even though it is located at the cell. Authors show how to
apply results from Search Theory to minimize the expected number of cells paged.

Another related search problem is the Combinatorial Group Testing problem [9]. Using the
terminology of our paper, the model of CGT assumes that a paging of a subset of cells (called
items in CGT) returns whether a mobile device (called defective in CGT) exists among the cells
paged. Thus the search may need to continue recursively by repaging smaller and smaller sets in
order to locate the single cell where the mobile device exists (is located). In the model that we
study in this paper we assume that a paging of any subset of cells returns all the devices that are
located in one of the cells that have been paged and for each of the devices that have been found

the cell where the device is located. Hence no recursive repaging is needed.
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