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Tracking Mobile Users in Wireless 
Communications Networks 
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Abstract-Tracking strategies for mobile wireless networks are 
studied. We assume a cellular architecture where base stations 
that are interconnected by a wired network communicate with 
mobile units via wireless links. Previous work focused on the 
cost of utilizing the wired links for management of directories. 
In this paper, the issue considered is the cost of utilizing the 
wireless links for the actual tracking of mobile users. We propose 
a novel tracking strategy in which a subset of all base stations is 
selected and designated as reporting centers. Mobile users trans- 
mit update messages only upon entering cells of reporting cen- 
ters, while every search for a mobile user is restricted to the 
vicinity of the reporting center to which the user last reported. 
We show that for an arbitrary topology of the cellular network 
(represented by the mobility graph), finding an optimal set of 
reporting centers is an NP-complete problem. We then present 
optimal and near optimal solutions for important special cases 
of the mobility graph. For the case in which the cost of being a 
reporting center is the same for all vertices, we present an 
optimal solution for ring graphs and near optimal solutions for 
various types of grid graphs (one of which corresponds to the 
common topology of hexagonal cells). For the case in which 
different vertices may have different costs, we present an opti- 
mal solution for tree graphs and a simple approximation algo- 
rithm for arbitrary graphs. 

Key Words-Wireless networks, mobile networks, cellular net- 
works, tracking mobile users, network centers. 

I. INTRODUCTION 
HE goal of future wireless networks is to provide T ubiquitous communication services to a large num- 

ber of mobile users. This requires wireless networks with 
high capacity that can support hand held terminals. To 
achieve high capacity under severe limitations on spec- 
trum usage, as well as to be able to support low-power 
terminals, most designs of such networks are based on a 
cellular architecture with a very small cell size (microcellu- 
lar structure) [6], [7], [3]. 

The cellular architecture comprises two levels-a sta- 
tionary level and a mobile level. The stationary level 
consists of fixed base stations that are interconnected 
through a fixed network, referred to as the backbone 
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network. The mobile level consists of mobile units that 
communicate with the base stations via wireless links. The 
geographic area within which mobile units can communi- 
cate with a particular base station is referred to as a cell. 
Neighboring cells overlap with each other, thus ensuring 
continuity of communications. The mobile units commu- 
nicate among themselves, as well as with the fixed infor- 
mation networks, through the base stations and the back- 
bone network. 

An important issue in such networks is the design and 
analysis of strategies for trucking mobile users. In these 
networks, whenever there is a need to establish communi- 
cation with any particular user, the network first has to 
find out which one of the base stations can communicate 
with that user. This is due to the fact that the users are 
mobile and could be anywhere within the area covered by 
the network. This issue was considered in [5] ,  111. The 
problem addressed in these works is to find efficient data 
structures for manipulating the information regarding the 
locations of the mobile users. It is assumed that this 
information is sent by the mobile users to the backbone 
network whenever the users move from cell to cell. The 
focus in these studies is on the tradeoff between updating 
and retrieving information from directories in the back- 
bone network. Thus, the issue considered in these works 
is the cost of utilizing the wired links of the backbone 
network for management of directories. 

In this paper, the issue considered is the cost of utiliz- 
ing the wireless links for the actual tracking of mobile 
users. To illustrate the problem, let us consider the follow- 
ing two simple tracking strategies. The first strategy is the 
Always-Update strategy, in which each mobile user trans- 
mits an update message whenever it moves into a new 
cell. Clearly, under this strategy, the overhead due to 
transmissions of update messages is very high, especially 
in networks with a small cell size and a large number of 
highly mobile users. On the other hand, since the current 
location of each user is always known, the overhead for 
finding users is zero. The second strategy is the Never-Up- 
date strategy, in which the users never send update mes- 
sages regarding their location. Clearly, under this strategy, 
there is no overhead for updating. 
whenever there is a need to find 
network-wide search is required, the 
very high. 

On the other hand. 
a particular user, a 
overhead of which is 
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These two simple strategies demonstrate the basic 
tradeoff that is inherent to the problem. Thus, there are 
two basic operations that are elemental to tracking mobile 
users-update and find. Associated with each one of 
these operations, there is a certain cost. As demonstrated 
by the two examples above, increasing one cost leads to a 
decrease in the other one. In fact, the above simple 
strategies are the two possible extreme strategies, in each 
of which one cost is minimized (set to zero) and the other 
cost is maximized. The question that arises is what is the 
strategy that minimizes the total cost. 

Existing systems use either one of the two extreme 
strategies described above, or the following combination 
of them (used in current cellular telephone networks). 
Each user is affiliated with some geographic region, re- 
ferred to as its home-system. Within the home-system, the 
Never-Update strategy is used. When the user moves into 
another region, then it must register (update), and then 
the Never-Update strategy is used within that region. The 
partition into regions is done according to commercial 
considerations, and there is no attempt to design this 
partition in order to minimize costs. 

In this paper, we investigate a novel strategy for track- 
ing mobile users. In Section 11, we propose a strategy in 
which a subset of all cells is selected and designated as 
reporting cells. The idea is that mobile users transmit 
update messages only upon entering a reporting cell, and 
a search for any user is always restricted to the vicinity of 
some reporting cell, namely, the one to which the user last 
reported. In Section 111, we present the mathematical 
model and show that the problem of selecting the report- 
ing cells is in general NP-complete. In Sections IV and V, 
we focus on some common topologies of wireless net- 
works. In Section IV, we present an optimal solution for 
ring graphs and near optimal solutions for various types of 
grid graphs, when the cost of being a reporting center is 
the same for all vertices. One of the grid graphs consid- 
ered in this section corresponds to the common topology 
of hexagonal cells. In Section V, we present an optimal 
solution for tree graphs and a simple approximation algo- 
rithm for arbitrary graphs, when the cost of being a 
reporting center may be different for different vertices. 
Finally, in Section VI, we discuss some open problems. 

11. THE STRATEGY 
In this section, we describe our strategy for tracking 

mobile users. The basic idea behind the strategy is to let 
mobile users transmit update messages only at specific 
cells (the number of which is small compared to the total 
number of cells in the network), while restricting every 
search for a mobile user to a small subset of cells. 

To achieve this, a subset of all base stations of the 
network is selected, and those base stations are desig- 
nated as reporting centers. The cells associated with these 
base station are referred to as reporting cells. These base 
stations periodically transmit on the wireless channel short 
messages which identify them as reporting centers. Thus, 
each mobile user can learn whether it is in a reporting cell 

or not simply by listening to the transmissions of the base 
stations. 

We define the uicinity of reporting cell x to be the 
collection of all nonreporting cells that are reachable 
from cell x without crossing another reporting cell. By 
definition, cell x is in the vicinity of itself. 

The following rules specify the update and the find 
operations under the proposed strategy. 

Update: Each time a mobile user enters a reporting 
cell, the user reports (i.e., transmits an update message) to 
the reporting center associated with that cell (unless this 
reporting center is the last one to which the user re- 
ported). No update messages are sent to base stations that 
are not reporting centers. 

Find: Whenever there is a need to establish communi- 
cation with a particular mobile user, the user is searched 
for in all cells that are in the vicinity of the reporting 
center to which the user last reported. 

A n  example that demonstrates this tracking strategy is 
shown in Fig. 1. In this example, there are nine cells 
denoted by 1,...,9. The cells 2,4,6,8 are designated as 
reporting centers and all the vicinities are of size four. For 
example, the vicinity of center 2 consists of the cells 
1,2,3,5. Suppose a user m moves along the path 
2,5,8,9,6,5,8. Then, user m reports when it arrives at cells 
2,8,6 and again at cell 8. Now assume that the system is 
looking for m during each one of its visits to cell 5. In the 
first time, the system searches for m in cells 1,2,3,5 since 
this is the vicinity of cell 2 (which is the last reporting 
center to which m reported). In the second time, the 
system searches for m in the vicinity of reporting center 6, 
which includes the cells 3,5,6,9. 

The problem that arises is how to select the reporting 
centers such that the costs of the update and the find 
operations are minimized. To address this problem, we 
first have to define the cost measure associated with each 
one of these operations. These cost measures are defined 
formally in the next section. However, we give here an 
intuitive motivation for these definitions. Clearly, the cost 
of the find operation increases with the size of the vicinity 
in which the search is performed. Thus, the cost of the 
find operation is taken to be the number of vertices in the 
largest vicinity in the network. The cost of the update 
operation increases with the volume of update messages 
that are transmitted by the mobile users. The volume of 
update messages in each reporting cell increases with the 
frequency that mobile users enter that cell. Thus, we 
associate with each cell x a weight w,, which reflects the 
frequency that mobile users enter into that cell (as well as 
other factors on which the cost of update may depend). 
The cost of the update operation is taken to be the sum of 
the weights of all the reporting cells. 

With these definitions of the costs, the problem is to 
select reporting centers in such a way that both the size of 
the largest vicinity and the total weight of the reporting 
centers are minimized. These are contradicting goals in 
general, as in order to decrease the sizes of the vicinities, 
the number of reporting centers should be increased (and 
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Fig. 1. 

vice versa). The approach we take is to bound one of the 
costs, and then to minimize the other cost. This is formal- 
ized in the next section. 

111. MODEL 
In this section, we introduce our model for the prob- 

lem, and present some preliminary results. 
The mobility graph G of the network is the graph in 

which each vertex corresponds to a different cell, and two 
vertices are connected by an edge if and only if the 
corresponding cells overlap. Each vertex i of the mobility 
graph has a weight w, > 0. 

Let I be a set of vertices, referred to as centers. The 
cicinity of center U is the set of all vertices not in I that 
are reachable from U by a path containing no centers. By 
definition, the vicinity of center U includes U .  The weight 
of I is w(Z)  = C, E ,wI,  and the size of the largest vicinity 
in the graph is denoted by z ( I ) .  

The Reporting Centers Problem-C(G,Z): Given a 
weighted graph G and an integer Z, select a set of centers 
S such that z ( S )  I Z and w(S) I w(S’) for all S’ such 
that z(S’)  I Z. 

Note that one can define a dual problem, in which a 
weighted graph G and a number W are given, and the 
goal is to select a set S of centers such that w(S) I W 
and z (S)  I z(S ’ )  for all S’ such that w(S’ )  I W. Al- 
though in this paper we concentrate on C(G,Z) ,  it will be 
clear how the results apply to the dual problem. 

An important special case of C ( G , Z )  is the case in 
which all the weights are equal to one. In this case, the 
weight of a set of vertices is just the cardinality of the set. 
Thus, in this case, the reporting centers problem is to find 
the smallest set of centers such that the size of the largest 
vicinity is at most 2. We call this case the unweighted 
C(G, Z ) ,  while the more general case is referred to as the 
weighted C(G,  Z ) .  

For an n vertices graph, the following proposition states 
trivial bounds for the unweighted C(G, Z). 

Proposition I :  For any set S of centers, n / z ( S )  I IS1 I 
n - z ( S )  + 1. 

We conclude this section by showing that C(G, Z> is a 
hard problem. 

Theorem I: C ( G , Z )  is an NP-complete problem for 
any Z 2 2. 

Proof Sketch: A set J is an independent set if there is 
no edge between any two vertices in J ,  i.e., the shortest 

path between any two vertices in J contains at least one 
vertex that is not in J .  A set J is a 2-independent set if the 
shortest path between any two vertices in J contains at 
least two vertices that are not in J .  Define MIS to be the 
problem of finding the maximum size independent set in a 
graph. Define MIS2 to be the problem of finding the 
maximum size 2-independent set in a graph. It is well 
known that MIS is an NP-complete problem [2]. 

The proof proceeds as follows. First, it is shown that 
MIS2 is an NP-complete problem by a reduction from 
MIS (see Appendix). Next, we show that C(G,2)  is an 
NP-complete problem by a reduction from MIS’. This 
reduction follows from the observation that a set _of ver- 
tices J is a 2-independent set if and only if z ( J )  I 2, 
where is the set of all vertices in G that are not in J1 
This implies that S is a solution to C(G, 2) if and only if S 
is a solution to MIS2.  The proof is completed by con- 
structing a reduction from C(G, 2) to C(G, 2) for any 

0 Z > 2 (see Appendix). 

IV. UNWEIGHTED GRAPHS 
In this section, we consider the case in which wi = 1 for 

every vertex i of the mobility graph. In Section IV-A, we 
present an optimal solution for ring graphs (the same 
solution applies also to line graphs). In Sections IV-B-IV- 
D, we consider grid graphs, unidiagonal grid graphs, and 
bidiagonal grid graphs, respectively. In each case, we first 
prove a lower bound on the number of centers, and then 
present a solution in which the number of centers is at 
most within a constant factor from the lower bound. Note 
that the mobility graph that corresponds to the common 
topology of hexagonal cells is a unidiagonal grid graph. 

A. Rings 
We first derive a lower bound on the number of centers 

c, given that the largest vicinity contains at most Z ver- 
tices. Let 1,2;.., n be the vertices of the ring. Let RI;-. ,  R ,  
be any set of c centers, and let 2, I Z be the size of the 
vicinity of center R I .  

Lemma 1: CF,,z, = 2n - c. 
Proot Each vertex that is not a center belongs to 

exactly two vicinities, while each center belongs only to its 
own vicinity. Therefore, in the above summation, each 
noncenter vertex is counted twice, whereas each center is 
counted exactly once. U 

Proposition 2: c 2 [2n / (Z  + 111. 
Pro08 From Lemma 1, it follows that c = 2n - 

2F=1zI 2 2n - Zc. Therefore, c 2 2n/(Z + 1). The re- 
o 

We now show how to achieve the lower bound of 
Proposition 2. Let p and q be nonnegative integers such 
that n = p ( Z  + 1) + q and q < Z + 1. To achieve the 
lower bound, select the following vertices to be centers: 

sult follows since c is an integer. 

l ,z  + l , z  + 2,2(Z + l ) ; . . , (p - 1)(Z + 1) + 1, 
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Clearly, each vicinity contains at most Z vertices, and 
there are exactly 2 p  = 2 In/(Z + 1)1 centers. Thus, we 
have the following. 

Proposition 3: If the set of centers is as defined by (l), 
then c 4 [2n / (Z  + 111. 

Note that the lower bound can also be achieved by 
selecting the centers such that the distance between any 
two centers is about Z/2. 

B. Grids 
In this subsection, we consider a grid graph of size 

n X a. The vertices of the grid are denoted by pairs ( x ,  y) 
where 1 < x , y  I n. The neighbors of vertex ( x , y )  are 
vertices ( x  + l ,y ) ,  ( x  - l ,y ) ,  (x ,y  + l), (x ,y  - 1) (if 
they exist). We first derive a lower bound on the number 
of centers c, given that the largest vicinity contains at 
most Z vertices. 

Consider an infinite grid, and let d be any connected 
subgraph of it. Define the perimeter of a! as the set of all 
vertices not in d which have an edge to a vertex in a!. Let 
P(a)  be the minimum number of vertices in a perimeter 
of a connected subgraph with a vertices, where the mini- 
mum is taken over all possible subgraphs with a vertices. 

Proposition 4: P ( U )  2 &. 
To prove Proposition 4, we need the following. Given a 

connected subgraph of the infinite grid and its perimeter 
9, define X,,, = min{x I ( x ,  y )  €91, and define similarly 
X,,,, Y,,,, and Y,,,. A perimeter 9 is said to be a 
generalized diamond if the following holds. (1) Each one of 
the following sets contains at most two vertices that are 
contained in 9: { ( x ,  y)  I x = X,,,}, { ( x ,  y)  I x = &,,,I, 
((x,Y) I Y  = YmInI ,  and ( ( x , y )  ly = J‘,,,,}. ( 2 )  For every 
X,,, < x < X,,, and Y,,, < y < Y,,,, ( x ,  y) E 9 implies 
that none of the neighbors of (x, y )  is in 9. In Fig. 2, we 
give four examples of generalized diamonds that demon- 
strate the four possible classes of generalized diamonds 
(the class is defined by the number and position of corners 
of the diamond that are “truncated”). 

Lemma 2: For every positive integer a, there exists a 
connected subgraph with a’ 2 a vertices, such that its 
perimeter 9‘ has P‘ I P(a)  vertices and 9‘ is a general- 
ized diamond. 

Proof The basic idea is that if a perimeter is not a 
generalized diamond, then it can be “stretched” to a 
generalized diamond without increasing the number of 
vertices in the perimeter, such that it surrounds at least 
all the vertices that were surrounded originally. Moreover, 
note that the only type of perimeters that cannot be 
further stretched to surround more vertices is the general- 
ized diamond. The rigorous proof is straightforward but 
tedious, and therefore is omitted. 0 

Lemma 3: Let 9 be a connected subgraph with b 
vertices, whose perimeter 9 is a generalized diamond 
with P vertices. Then, P 2 J8b. 

Proof For each one of the four classes of generalized 
diamonds, let a and p be defined as shown in Fig. 2. 
Then, the perimeter P and the number of vertices b for 
each one of the cases (a)-(d) is as follows. (a) P = 2 a  + 

Fig. 2. 

2 p - 4 ;  b = ( a - l ) ( p - l ) + ( a - 2 ) ( p - 2 ) .  (b) P =  
2 c ~  + 2p;  b = a(  p - 1) + ( a  - I)/?. (c) P = ~ L Y  + 2 p  
- 2; b = ( a  - 1X j3 - 1) + ( a  - 1X /3 - 1). (d) P = 2a 
+ 2 p  - 1; b = ( a  - 1)(p  - 1) + a ( @  - 1). Using these 
formulas, the result can be verified straightforwardly. 0 

Proof of Proposition 4: From Lemmas 2 and 3,  it 

Proposition 4 enables us to derive a lower bound on the 
number of centers as follows. Assume an arbitrary selec- 
tion of centers in an n x n grid, and denote the number 
of centers by c. Let dI7d2;--,dk be the connected com- 
ponents that are formed when all c centers are removed 
from the n X n grid. Denote the number of vertices in 4 

follows that fi 5 P’/ I P(a) /  6. 0 

by 2,. 

Lemma 4: c 2 (I/ Jz-)~f=, f i  - n. 
Proof Let PI be the number of vertices in the 

perimeter of 4, i = l,..., k.  Since the perimeter of the 
n X n grid has 4n vertices, it follows that E:=, PI I 4c + 
4n. The factor of 4 that precedes the c follows from the 
fact that each center may be counted up to four times 
when summing the e’s. The result now follows from 

Lemma 5: The minimum of under the two 
constraints z ,  I Z - 1 for all i 2 1 and E;= z ,  = n2 - c 
is obtained when z,  = 2 - 1 for all i 2 2. 

Proof Let a ,  4 a2 4 ... I ak be the values of the 
z,’s for which the minimum is obtained. Assume that 
a2 < 2 - 1. Then, z ,  = a:, i 2 1, where a; = a ,  - 1, a; 
= a2 + 1, and a: = a, for all i 2 3 satisfy the above two 
constraints. But E:= &< E;= 6, which contradicts 
the assumption that the minimum is obtained for z,  = a,,  
i 2 1. The above inequality is true since it is equivalent to 
fl + & < 6 + 6, which is equivalent to a, < a2 
+ 1. U 

Proof Let m and Z’ be integers such that n2 - c = 

m ( 2  - 1) + Z’ and Z’ < Z - 1. Plugging the result of 
Lemma 4 into Lemma 5 yields c 2 (1/ fi)(md= 
+ E) - n. The result of the theorem is obtained by 
noting that m d m  + 2 (n2  - c) /  d m .  0 

We now show a particular selection of centers that 
achieves the lower bound of Theorem 2 by a factor of 
2fi. The basic idea is to select the centers such that they 
cover the grid with generalized diamonds of the type 
shown in Fig. 3. In this type of generalized diamonds, all 
edges of the diamonds contain the same number of ver- 
tices, and all four corners of the diamond are “truncated.” 
Such generalized diamonds are referred to as pegect 

Proposition 4. 0 

Theorem 2: c 2 n 2 ( 1 / ( d ? d m  + 1) - (l/n)). 
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diamonds. A set of centers that covers the grid with 
perfect diamonds such that the edge of each diamond 
contains L vertices is referred to as C,. For example, the 
set of centers shown in Fig. 3 is C,. Recall that for any set 
of centers I ,  the size of the largest vicinity is denoted by 
z ( I ) .  

Proposition 5: Let z = ( 2 ~  - I)* for some integer L 
2 2. Then, the set C, satisfies the condition z(C,> I 2, 
and we have c I n 2 2 / ( E  + 1) + 2n. 

Proofi Each row (and each column) of the grid con- 
tains at most 2[n/(2 L)1 centers, and therefore the total 
number of centers in the grid satisfies c s 2n[n/(2L)l  5 
n’/L + 2n. The size of the largest vicinity is twice the 
number of vertices in the interior of each diamond, plus 
one for the center. This yields z(C,) = ( 2 L  - 1)’ = Z.  
Solving the last equality for L and substituting the result 

U 
The ratio of the upper bound of Proposition 5 to the 

in the above upper bound on c yields the result. 

lower bound of Theorem 2 is 

as n + 30. The expression on the right-hand side is 
bounded from above by 2 f i .  Thus, we have proved the 
following for any integer L 2 2. 

Theorem 3: For n large enough, the number of centers 
in the set C, is at most 2 f i  times the number of centers 
in any set of centers I for which z(Z) 5 z(CL)  = ( 2 L  - 

Remark: For values of Z other than ( 2 L  - 1>2 for 
some integer L ,  nonperfect generalized diamonds should 
be used in order to minimize the number of centers. 
However, if we select the set of centers C, such that L is 
the largest integer satisfying ( 2 L  - 1)’ I Z (which in 
such cases is less efficient than nonperfect generalized 
diamonds), then by a slight modification of the proof of 
Proposition 5 ,  it can be shown that c I n 2 2 / ( e  - 1) + 
2n. This yields a ratio of the upper bound to the lower 
bound that monotonically decreases to 2 f i  as 2 in- 

1l2. 

creases. In particular, this ratio is less than 4.9 for 2 2 10, 
and less than 3.9 for 2 2 30. 

C. Unidiagonal Grids (Hexagonal Cells Topology) 
In this subsection, we consider the unidiagonal grid 

graph. The importance of this graph stems from the fact 
that it is the mobility graph of the well-known cellular 
topology of hexagonal cells. A unidiagonal grid graph of 
size n x n is a grid graph in which the vertex (x, y )  is also 
connected to the vertices (x - 1, y - l), ( x  + 1, y + 1) (if 
they exist). 

Proceeding similarly to the previous subsection, con- 
sider an infinite unidiagonal grid, and let d be any 
connected subgraph of it. Define the perimeter of &’ and 
P ( a )  as in the previous subsection. 

Proposition 6: P(a)  2 m. 
Proofi The proof proceeds similarly to the proof of 

Proposition 4. A perimeter 9 is said to be a hexagon if it 
has six sides, as depicted in Fig. 4 (we omit the formal 
definition). Note that the hexagon has diagonal sides only 
along the diagonals of the unidiagonal grid. Replacing in 
Lemmas 2 and 3 the generalized diamond with a hexagon, 
these lemmas also hold for unidiagonal grids (with a 
factor of m instead of fi in Lemma 3). The proof of 
Lemma 2 in this case is similar to the original proof. TO 
prove Lemma 3 for the unidiagonal grid case (with a 
hexagon and a factor of m), let X, Y ,  a ,  and /3 be 
defined as shown in Fig. 4. Then, P = 2(X + Y )  - ( a  + 
p + 2) and b = XY - +a( a - 1) - t P (  /3 - 1) - P. This 
yields P2 - 12a = ( A  - B )  + (C - 0)  where A = 4x’ 
+ 4y2  + 7a2 + 7p2 + Zap, B = 4 x Y +  4(a  + p ) ( X  + 
Y ) ,  C = 16(X + Y ) ,  and D = 20 + 14(a + p).  Using the 
fact that u2 + v 2  2 2uu, it can be shown that A 2 B,  and 

U 
Assume now an arbitrary selection of centers in an 

n x n unidiagonal grid. Define c, d,, d’;.., dk, and z ,  as 
in the previous subsection. 

since C 2 D, the result follows. 

Lemma 6: c 2 (2/  fi)C:= lfi - n. 
The proof of Lemma 6 is similar to that of Lemma 4, 

except that here, Cf;=,P, I 3c + 4n. Here, each center 
may be counted up to three times, since in the subgraph 
that consists of a center and all its neighbors, the maxi- 
mum size of an independent set is 3.  The proof of the next 
theorem is similar to that of Theorem 2. 

Theorem 4: c 2 n 2 ( 2 / ( f i d m  + 2) - (l/n)). 
A particular selection of centers that achieves the lower 

bound of Theorem 4 by a factor of 3 /  fi = is shown 
in Fig. 5(a). The important features are: a) all edges of the 
hexagons have the same lengths, and b) two vertices from 
the interior of the hexagon, each of which is the closest to 
a corner, are also centers. By having b), the vicinity of 
each center consists of the interiors of at most two 
hexagons. A set of centers that covers the unidiagonal 
grid as shown in Fig. %a), such that the edge of each 
hexagon contains L vertices is referred to as H,. 

Proposition 7: Let 2 = 6(L - 1)(L - 2) - 1 for some 
integer L 2 4. Then, the set HL satisfies the condition 
z(HL) I 2, and we have c I n 2 ( i 6 /  4-1. 
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